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Abstract. Topological pressures of the preimages of e-stablc sets and some 
certain closed subsets of stable sets in positive entropy systems are investigated. 
It is showed that the topological pressure of any topological system can be 
calculated in terms of the topological pressure of the preimages of e-stable 
sets. For the constructed closed subset of the stable set or the unstable set 
of any point in a measure-theoretic 'rather big' set of a topological system 
writh positive entropy, especially for the weakly mixing subset contained in the 
closure of stable set and unstable set, it is proved that topological pressures of 
these subsets can be no less than the measure-theoretic pressure. 

1. Introduction. Throughout this paper, by a topological dynamical system 
{X, T) (TDS for short) we mean a compact metric space X with a homeomor- 
phism T from X to itself; the metric on X is denoted by d. For x <^ X and e > 0, 
the e- stable set of x under T is the set of points whose forward orbit e-shadows 
that of x: 

W!{x, T)^{yeX: d(T''x, T"y) < e for all n = 1, 2, • • • }. 

The preimages of these sets can be nontrivial and hence disperse at a nonzero ex- 
ponent rate. The dispersal rate function hs{T,x,e) was introduced in [1]. The 
relationship between hs(T,x,e) and the topological entropy htop(T) was also in- 
vestigated. It was proved that when X has finite covering dimension, then for all 
e > 0, 

sup hs (T, x,e) = htop (T) . 

In [8], the finite-dimensionality hypothesis turns out to be redundant. This equality 
is proved to be always true for any non-invertible TDS. 
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Given / G C(X, R), consider the topological pressure of the preimages of e-stable 
set of x: 

P{T,f,x,e) = limlinisup-logP„(T,/,<5,T-"W/(a;,T)), 

,1^+00 n 

where 

Pn{TJ,6,T-"W^{x,T)) = sup{^ exp/„(a;) : is an (n, (5)-separated 

subset of T-"VF/(a;,T)}, 

and fn{x) ~ J27=o f ° ^'(^')- We show that the topological pressure of any non- 
invertible TDS with positive metric entropy can be calculated in terms of the topo- 
logical pressure of the preimages of e-stable sets. That is, for all e > 0, 

supP(r,/,x,e) = p(r,/), 

where P{T, f) is the standard notion of the topological pressure. Note that for the 
null function /, this is the above equality about the entropy. 

For x G X, the stable set W'^{x, T) and the unstable set W'^{x, T) oix are defined 

as 

W'{x, T)^{yeX: lim d{T'x, T^'y) = 0}, 

n— > + oo 

W''{x,T)^{yeX : lim d(T-"x, T-"y) = 0}. 

For Anosov diffeomorphisms on a compact manifold, pairs belonging to the stable 
set are asymptotic under T and tend to diverge under T~^. However, Blanchard 
et al. [2] showed that in most case, this phenomenon does not happen in a TDS 
with positive metric entropy. N. Sumi [5] investigated the stable and unstable sets 
of a diffeomorphism of C°° manifold with positive metric entropy. He showed 
that the closure of the stable set W^{x, T) of 'many points' is a perfect *-chaotic set 
and the closure of the unstable set W'^{x,T) contains a perfect *-chaotic set. W. 
Huang [8] obtain a stronger result in the general non-invertible TDS with positive 
metric entropy. He proved that there exists a measure-theoretically 'rather big' set 
such that the closure of the stable or unstable sets of points in the set contains a 
weakly mixing set. The Bowen entropies of these sets were also estimated. The 
lower bounded is the usual metric entropy h^{T) for the ergodic invariant measure 
fi. 

By introducing the topological pressure for the closed subset and using the ex- 
cellent partition formed in Lemma 4 of [2] , we show that for the constructed closed 
subsets of stable and unstable sets in [8] , the topological pressure of these sets can 
also be estimated. More precisely, we prove that if fi is an ergodic invariant mea- 
sure of a TDS {X,T) with h^{T) > 0, then for /i-a.e. x € X, the constructed 
closed subsets A{x) C W^*(x,T), B{x) C W'^{x,T) and the weakly mixing subset 
E{x) C WHxX) n W{x,T) in [8] satisfies that 

(a) . lim„^+oo diam(T"A(x)) = and P{T-\f, A{x)) > P^{T, /); 

(b) . lim„_,+oodiam(T-"B(a;)) = and P{TJ,B{x)) > P^(T,/); 

(c) . P{TJ,E{x)) > P^iTJ) andPiT-\f,Eix)) > P^(T,/), 

where P^(T,f) is the measure theoretic pressure. 

The paper is organized as follows. In Sec. 2, the topological pressure for the 
closed subset is introduced. Some related notions and results about entropy are also 
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listed. In Sec. 3, wc introduce the notion of topological pressure of the preimages 
of e-stable set. Using the tool formed in [2], we show that the topological pressure 
of any TDS can be calculated in terms of our introduced topological pressure of 
the preimages of e-stable set. As a generalization of entropy point, the notion of 
the pressure point is also introduced there. In Sec. 4. we prove the above results 
(a)-(c). In Sec. 5, we state and prove the former results for the non-invertiblc case. 

2. Preliminary. Let {X, T) be a TDS and Bx be the ti-algebra of all Borel subsets 
of X . Recall that a cover of X is a finite family of Borel subsets of X whose union 
is X, and, a partition of X is a cover of X whose elements are pairwise disjoint. 
We denote the set of covers, partitions, and open covers, of X, respectively, by Cx^ 
Vx, C-x, respectively. Given a partition a oi X and x E X, denote a{x) the atom 
of a containing x. For given two covers U, V £ Cx, U is said to be finer than V 
(denote by >^ V) if each element of U is contained in some element of V. Let 
UMV = {U r\V : U (^U,V (^V). Given integers M,N with < A/ < and 
UeCx, wc denote VLa/ by U^. 

Given U S Cx and K G X , put N{U,K) — min{thc cardinality oi T : J' C 
U,[jp^j,F D K} and H{U,K) = log N{U,K). Then the topological entropy oiU 
with respect to T for the compact subset K is 

htop{T,U,K) = lim -H{U^~\K) = inf -H{U^-\K). 

ri— >oo n n>l n 

The topological entropy of T for the compact subset K is defined by /itop {T, K) = 
supjYgco. htop{T,U,K); and the topological entropy of T is defined by htop{T) = 
sup^ htop{T, K). 

Let (X,T) be a TDS, AT be a closed subset of X, W e and / G C{X,m.), 
where C(A', M) be the Banach space of all continuous, real- valued functions on X 
endowed with the supremuni norm. We denote 

P„(T,/,Z^,A') =inf{ V sup exp/„(a;) : VGCjf and V^Z^o"-!}, (1) 

where fn{x) = X]J=o /(^"'^)- For y fl AT = 0, we let /„(a;) ~ — oo for each n. Then 
the above definition is well defined. It is clear that if / is the null function, then 
Pn{T,QM,K) = N{U^-\K). 

For V G Cx , we let a be the Borel partition generated by V and denote 

V*{V) = {/? G Px ■ P hV and each atom of /? is the union of some atoms of a}. 

Lemma 2.1 (Lemma 2.1 [10]). Let M be a compact subset of X , f G C{X,R) and 
V G Cx . Then 

A real-valued function / defined on a compact metric space Z is called upper 
semi- continuous (for short u.s.c.) if one of the following equivalent conditions holds: 

(a) , limsup^,.^^ fi^') ^ f{z) for each z £ Z; 

(b) . for each r G M, the set {z £ Z : f{z) > r} is closed. 

By (b), the infimum of any family of u.s.c. functions is again a u.s.c. one; both the 
sum and supremum of finitely many u.s.c. functions are u.s.c. ones. 
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Lemma 2.2. Let (X,T) be a TDS, G : x — >■ 1C{X) be a upper semi- continuous 
set-valued mapping, where IC{X) is the collection of all nonempty closed subset of 
X endowed with the Hausdorff metric, U G o,nd f £ C {X, R) . Then F : x 
infj^ygy supygypQ(-j.-| f{y) : V S Cx and V >z U} is a u.s.c. function. 

Proof. For each V G V G Cx, let Fy : x ^ ^^Py£VnG{x} fiu)- For each r e R, 
let {xn : n £ N} C {x : supy^y^Q^^^ f{y) > r} be the sequence of points which 
convergence to the point xq, wc show that xq £ {x : swpyizvnG(x) fiv) — 
Given e > 0, since / £ C{X, R), there exists 6 > such that 

d{xi,X2)<5^\f{xi)~f{x2)\<e. (2) 

The set {K £ IC{X) : Hd{G{xQ),K) < S} is an open neighborhood of G{xo) in 
IC{X), where Hd{Ki,K2) = inf{(5 > : for all xi £ Ki,X2 £ K2,d{xi,K2) < 
S,d{x2, Ki) < 6} is the Hausdorff metric. Since G is a upper semi-continuous set- 
valued mapping, then for all large enough n, Hd{G{xn),G{xo)) < S. From (2), we 
get 

I sup f{y) - sup f{y)\ < e. 

yeVnG{x„) yGVnOixo) 

By the arbitrary of e, supygynG(i:o) fiv) ^ ^- Then xo £ {x : snpy^ynGix) fiv) > 
r}. That is, Fy is a upper semi-continuous function. 

Since the sum of finitely many u.s.c. functions and the infimum of any family of 
u.s.c. functions are both u.s.c. functions, we get 

F:x^ inf { ^ sup /(y) : V G Cx and V >r 

is a u.s.c. function. □ 

With a similar argument of Lemma 2.2, we also have the following result. 

Lemma 2.3. Let {X,T) be a TDS, U £ C°x and f £ G(X,M). Then the function 
F : K ^ iiif{X]v6V ^^^Pyevn/f /(y) • ^ ^ andV > U} is u.s.c. from IC{X) to 
R, where IC{X) is the collection of all nonempty closed subset of X endowed with 
the Hausdorff metric. 

Proof. It suffice to prove that for each V £ V £ Cx, Fy : K — > sup^gy^^ /(y) is 
u.s.c. 

For each r G R, let {Kn : n G N} C {K : supygy^j^ f{y) > r} be the sequence of 
subsets which convergence to the set Kq, we show that Kq £ {K : sup^gy^^ f{y) > 
r}. 

Given e > 0, since / G C{X,M.), there exists 6 > such that 
dixi,X2) <S^\ f{xi) - f{x2) \< e. 

For each Kq £ )C{X), the set {K £ IC{X) : Hd{K, Kq) < 5} is an open neighbor- 
hood of K in IC{X). Then by the definition of the Hausdorff metric, it is easy to 
know that | supj^gy^^ f{y) - supy^y^j^^ f{y)\ < e. 

By the arbitrary of e, supygyp^^^ f{y) > r. Then Kq £ {K : sup^gyp^ f{y) > r}. 
That is, Fy is a u.s.c. function. □ 

Lemma 2.4. Let {X,T) be a TDS, K be a closed subset of X , U £ and f £ 
G(X,M). Then 

P{T,f,U,K)= hm ilogP„(r,/,W,/0 

n— >-|-cxD n 

exists. 
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Proof. For any n,meN,Vih V2 h ^^o""^ we have Vi V r-"V2 h Uo+"'^\ 

It follows that 

Pn+m{TJ,U,K)< ^ ^ sup exp/„+„(a;) 

= exp(/„(a;) + /™(T"a:)) 

< ( sup cxp/„(x)- sup cxp/„i(z)) 

= ( sup exp/„(a;))( V sup cxp/™(z)). 

Since V.j,i = 1,2 is arbitrary, then Pn+,n{TJ,U,K) < PniTJ,U,K) ■ 
Pra{TJ,U,T''K), and so log P„(T, /, iY, if ) is subadditive. Since Pn{TJ,U,K) 
is measurable from Lemma 2.3, then by Kingman's subadditive ergodic theorem 
(See [7]), we complete the proof. □ 

UK = X, then P{T, f,U, X) ~ P{T, f,hl), which is the local topological pressure 
defined by Huang et al. [9]. Clearly, P{T,0,U,K) = htopiT,U,K). 

Let (X, T) be a TDS. Denote by the set of all Borel, probability measures 

on X, Ai{X,T) the set of T-invariant measures, and A4'^{X,T) the set of ergodic 
measures. Then M%X,T) C M{X,T) C M{X), and M{X),MiX,T) are convex, 
compact metric spaces endowed with the weak*-topology. 

Given a partition a € V{X), S and a sub-cr-algebra C C Bf^, let 

H^{a) = J2 -^^iA)log^i{A) and H^{a | C) = ^ / -E(l^ | C)logE(l^ | C)d^i, 

Aea Aea''^ 

where E{1a \ C) is the expectation of 1a with respect to C. One standard fact states 
that Hf^{a \ C) increases with respect to a and decreases with respect to C. The 
measure-theoretic entropy of fi is defined as 



where 



hf^{T) = sup h^{T,a), 

aeVx 



h^{T,a) = lim -H^ia^^-^) = inf H^ia^ 

n— >+oo n ri>l 



For each / e C(X, M), the measure-theoretic pressure of fi is defined as 

P^iT,f) = h^iT)+ f fdiji. 

Jx 

For a given U € Cx, set 

H^iU) = inf H^il3) and H^iU \ C) = inf | C). 

When 6 >f(X,T) and C is T-invariant (i.e. p-^C = C), H^{U^'^^ | C) is a 
non-negative subadditive sequence for a given U £ U. Let 

/i,,(r,W I C) = lim -H^{U'^-^ I C) = inf ii^(i^o""' I C). 

n n>l 

ForC = {0,X}(mod /x) , we write iJ^ | C) and h^,{PM \ C) hy H^,{U) and h^,{P,U) 
respectively. Romagnoli [6] proved 



h^{P) = sup h^{P,U)- 

uec° 
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It is well known that for P eVx, h,,{T,P) = h^{T,p \ P,,{T)) < H,,{p \ P^,{T)), 
where Pfj.{T) is the Pinsker cr-algebra of {X, B^, fi, T). Huang [8] showed the follow- 
ing result. 

Lemma 2.5 (Lemma 2.1 [8]). Let {X,T) he a TDS, fi £ M{X,T) and U eCx- 
Then 

h^{TM) = K{TM I P^{T)). 

For U G M M{X,T) and / G C(X, R), we define the measure-theoretic 
pressure for T with respect to hi as 

P^{TJM)^h^{TM)+ I fdti. 

Jx 

Obviously, 

P^iTJ)^h^{T)+ I fdii^ sup h^{TM)+ f fdfi = sup P^iTJM). 
Jx uec^ Jx uec^ 

Let {X,T) be a TDS, /i e M{X,T) and Bf, be the completion of Bx under fi. 
Then (X, Z5^,/i,T) be a Lebesgue system. If {aijig/ is a countable family of finite 
partitions of X, the partition a = \Ji^i'^i is called a measurable partition. The 
sets A ^ B^, which are unions of atoms of a, form a sub-tr-algebra of B^ by a or 
a if there is no ambiguity. Every sub-cr-algebra of B^ coincides with a cr-algebra 
constructed in this way (mod /i). 

Given a measurable partition a, put = Vi^i T^"'a and = \/n=-oo T^^a. 
Define in the same way and J^-^ if is a sub-cr-algebra of B^. It is clear that 

for a measurable partition a of X. — {a)~ and = (S)"^ (mod fi). 

Let be a sub-cr-algebra of B^^ and a be the measurable partition of X with 
= J-" (mod ^). /i can be disintegrated over as yU = J.^ fixd^J.{x), where 
fj-x S A4{X) and /i2:(a(a;)) = 1 for ^-a.e. x e X. The disintegration is characterized 
by the properties (a) and (b) below: 

(a) , for every / € L^{X,Bx , fJ^), f G L^{X,Bxt fJ-x) foi' M-^-C- x & X, and the map 

2^ Ix f(y)^l^^iy) is i'^ L^{X,T,^i); 

(b) . for every / G ^^(X, ^Bx, m), IEp(/ | J'){x) = /d^x for ^-a-c. .t e X. 

Then for any / £ ^^(X, ^x, A^), 

/ ( / fd^ix)d^{x) = / fd^i. 
Jx Jx Jx 

The following lemma was proved in [8]. 

Lemma 2.6 (Lemma 2.2 [8]). Let {X,T) be a TDS, /i £ M{X,T) and T be a 
sub-a -algebra ofB^. If f-i- = Jx f^^dfJ-^x) is the disintegration of fi over J- , then 

(a) , for V e Cx, H^{V | J") = H^Ay)dt^{^), 

(b) . for U,Ve Cx, H^iU VV I -F) < H^{U \ T) + H^{V \ T). 

Let K be a non-empty closed subset of X . For e > 0, a subset of X is called 
an (n, e)- spanning set of K , if for any x G K there exists y € F with dn{x, y) < e, 
where dn{x,y) = max"Jg d{T'^x,T'^y); a subset of is called an [n^t)- separated 
set of K, if x,y € E, X ^ y implies dn{x,y) > e. Let rn{d,T,e, K) denote the 
smallest cardinality of any (n, e)-spanning subset for K and Sn{d,T,e, K) denote 
the largest cardinality of any (n, e)-separated subset of K. 
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For each e > and / G C(X, R), we denote 

P„(T, /, e, K) ~ sup{^ exp/„(x) : is an (n, e)-separated subsets of K^. 

The topological pressure of T for the closed subset K is defined as 
P(T, /, K) = lim limsup - logP„(T, /, e.K). 

If / is the null function, then P„(T, 0, e, ii") = Sn{d,T,e,K). It follows that 
P{T,f,K) ~ h{T,K), where h{T,K) is the Bowen entropy for the closed sub- 
set K defined in [7] (see also [8]). When K = X, P{TJ,X) ^ P{T,f), where 
P{T, f) is the standard notion of topological pressure defined in [7]. Moreover, it is 
not hard to verify that P{T, /, K) = supj^gcj Pi^, /, K). 

3. e-stable sets. Let {X,T) be a TDS with a compatible metric d. Given e > 0, 
the e-stable set of x under T is the set of points whose forward orbit e-shadows that 
of x: 

W!{x, T) = {yeX : d(r"x, T''y) < e for all 7i = 0, 1, ■ • • }. 

Since the preimages of these sets can be nontrivial, we can consider the following 
function. For each x X, f & C{X,M.) and e > 0, let 

Ps{T, f,x,e) := limlimsup-logi^„(T,/,,5,T-"W^/(a:,r)). 

Ps(r, /, X, e) is called the topological pressure of the preimages of e-stable set of x. 
For / = 0, Ps{T, 0, X, e) = hs{T, x, e), where the latter is the dispersal rate function 
defined in [1]. It was proved in [8] that sup^g^^ hs{T,x,e) = htop{T) for all e > 0. 
In this section, we will show that this is also true for the functions Ps{T, f, x, e) 
and P{T,f). By proving that for any /i G A4'^{X,T) with positive entropy, 
lime_>o Ps{T, /, X, e) > Pfj.{T, f) for ^-a.e. a; G X, we get the result. Before proving 
Theorem 3.6, we give several lemmas. 

Lemma 3.1. Let {X,T) be a TDS, f G C{X,R), and {K,,} be a sequence of 
non-empty closed subsets of X . Then 

limlimsup-logP„(T, /, (5, A'„) = sup limsup - log P„(r, /, i^n)- 

°>0 n— >-|-oo n U£C\ n—^+oo Tl 

Proof. For a fixed 5 > 0, choose V G C°x with diam(V) < 6. For n G N let A be 
an (n, (5)-separated set of /\„. Since B n Kn contains at most one element of A for 
each B of VlTo^ T'^V, then for every W G Cx with W ^ Vq each element of W 
also contains at most one element of A. We get X^tgA ^■'^P fn{x) < Pn{T, f, V, Kn)- 
That is P„(r, /, S, Kn) < P„(P, /, V, Kn). Then 

hm sup - log Pn (T, /, S, Kn) < lim sup - log P„ (T, /, V, Kn) 

< sup limsup-logP„(r,/,W,if„). 

Letting (5 — > 0, we get 

limlimsup-logP„(P, /,(5, < sup limsup - logP„(r, /,W,/-i:„). 
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In the following, we show the converse inequality. For any fixed lA G C^, let 5 
be the Lebesgue number of U. For n G N, let E be an (n, |)-separated set of Kn 
with the largest cardinality. Then E ia also an (n, |)-spanning set of K^. From the 
definition of spanning sets, we know 

n— 1 ^ 

(J Pi T~'Bs{T'x) D K^, where Bs{T'x) ^ {y e X : d(T^x, y) < -}. 



Now for each x G E and < « < n — 1, B^{T^x) is contained in some el- 
ement of U since 5 is the Lebesgue number of the open cover U. Hence for 
each X e E, fX^~^ T-'Bs{T'x) is contained in some element of VlLo ^'^^ 



yy = {flLo T-'B3{T'x) :xeE}, then W G Cx and W >r Z^q""^- Let 

Q„ (T, fM.K^)^ inf { V inf cxp /„ (x) : V G C;^ and V>U'^-^}, 
^ — ^ x<^Vr\Kn 

then 

Qn{T,f,U,Kn) < /»(^) ^ ^n(T,/,-,A„). 

Let = sup{| f{x)-f{y) |: < diam(W)}, then exp(-r7,T;^)P„(r, /, /Cn) < 

Q„iTJ,U,K„). So 

-rj^ + limsup - log P„(T, f,U,Kn) < limsup - logP„(r, /, ^, i^„) 

< lim lim sup - log P„ (T, /, ^ , A'„) . 

Since U is arbitrary, we get 

sup lim sup - log P„ (T, /, W, iir„) < lim lim sup - log P„ (T, /, (5, K^). 



□ 



An immediate consequence of Lemma 3.1 is the following. 



Lemma 3.2. Let {X,T) be a TDS and f G C(X,M). Then for each x e X and 
e > 0, 

PsiTJ,x,e)= sup limsup-logP„(T,/,i^,T-"W/(x,r)). 

Lemma 3.3 (Lemma 9.9 [7]). Let oi, • • • , be given real numbers. If Pi > 0, i = 
1, • • ■ ,k, and Pi = then 

k k 

Yp^ia, - logp,;) < log(^e°0, 

i=l 1=1 

and equality holds iff Pi — „/' ' ^. /or all i ^ 1, ■ ■ ■ ,k. 

Let {X,T) be a TDS, ^ G A^(X,r) and be the completion of Bx under 
fj.. The Pinsker a -algebra P^(T) is defined as the smallest sub-cr-algebra of 
containing e Vx ■ hf,(T,^) = 0}. It is weh known that P^(T) = Pf,{T-^) and 
P^{T) is T-invariant, i.e. T-i(P^(r)) = P^(r). We need the following lemma 
proved in [8]. 
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Lemma 3.4 (Lemma 3.5 [8]). Let {X,T) be a TDS, ^ e M{X,T) and 5>Q. Then 
there exist {Wi}°°^i C Vx and = ki < k2 < ■ ■ ■ such that 

(a) . diam{Wi) < S and lim diam{Wi) ~ 0, 

(b) . lim H^{Pk I P-) = h^iT), where Pk - Vti T-'^'W, and V = Vr=i Pk, 

A;— >+oc 

(e). nZo =Pf.{T). 

Lemma 3.5. Let {X,T) be a TDS, K be a closed subset of X , U e C°x and / e 
C{X, (R)). Then for each n G N, 

F„(T, f,U, T-"K) = P^{T, / o T-", T"W, K). 
Proof For each V G Cx and V ^ Vr=i obviously, T"" V G C^, and T"" V ^ 

Since for each F G V, 

sup exp/„(x)= sup exp/„(r""a;), 

it is easy to see that Pn{TJ,U,T-"K) < P„(T,/ o T"", T"Z^, if). From the 
homeomorphism of T, the inverse inequality holds. Then Pn{T , f ,U ,T~'^ K) = 
PniTJoT-",T^'U,K). □ 

Now we proceed to prove the following theorem which clearly implies our main 
result. 

Theorem 3.6. Let {X,T) be a TDS, f G C{X,R) and e M^iX^T) with h^,{T) > 
0. Then for fi-a.e. x ^ X, lira Ps(T, /, e) > P^{T,f). 

Proof. It suffice to prove that for a given e > 0, Ps{T, f, x, e) > Pf^{T,f) for ^-a.e. 
X e X. 

Fix e > 0. Since T is homeomorphism on X, there exists 6 G (0, e) such that 
d{T-^x,T-^y) < e when d{x,y) < S. By Lemma 3.4, there exists {Pt}°Zi C Vx 
satisfying that diam(Pi) < ,5, r\n=oP^~ = ^t^i^) and H^{Pk \ P") ^ h^{T) 
when k — ;> +cxd, where V = Vi^i Pi- Since diam(Pi) < S, it is clear that V^{x) C 
W^/(x,T) for each X G X. 

Let fJ' = fx tJ-xdfi{x) be the disintegration of fi over V~ . Then 

supp(/x^) C r-{x) C W^/(x, T) for /^-a.e. x G X. 

Let A: G N. By the inequality of (3.3) in [8], we know that there exists Uk G 
such that 

1 ""^ 1 
limsup -H^{ y T-'Uk I T-'P-) > H^{Pk \ V') - -■ (3) 

2—0 

For n G N, let P„(x) = i logP„(T, / o T"", ^fc, VF/(x, T)). By Lemma 2.2, 
we get that P„ is u.s.c. Moreover, it is a Borel measurable bounded function. Let 
F{x) = limsup„_^_(_^ P„(x) for x G X. Then F is Borel measurable map. Since 
rW^/(x,T) C W^{Tx,T) for each x G X, we have 

P„(r,/oT-",™fe,M^/(x,T)) 

Tl+l 

< inf { V sup exp /„ o (x) : V G Cx and V > \l TUu] 
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n+1 

< inf { V sup exp /„ o ^-("+1) {x):V& Cx and V > \l TUu} 

=Pn+i{T, f o T- M^/(Tx, T)). 
Then 

F{x) ^ limsup - log P„(T, / o T^" , r"Wfc, W^x, T)) 

n— >- + oo ?^ 

< limsup • log /^„+i(T,/oT-("+i),T"+iWfc,W^/(Tx,T)) 

n^ + oo ?l n+1 

= F{Tx). 

That is < F{Tx) for each x e X. Smce ^ e M{X,T), F{Tx)d^{x) = 

J-^ F{x)dfi{x), then for ^-a.e. x G X, F{Tx) ~ F{x). Moreover, F{x) = for 
fi-a.e. X G X as ^ is ergodic, where > is a constant. 

From Lemma 2.1, there exists a finite partition /3 € 'P*(Vr=i ^'^fc) such that 

P„ (T, / o , r"Wfc , W^/ (x, T) ) V sup cxp /„ o T-« (x) . 

xGBnWf{x,T} 

It follows from Lemma 3.3 that 

log P„(T, / o T-", r"Wfc, W^/(x, T)) 
= log y2 sup exp /„ o T""(x) 

3:eSnW/(2;,T) 

>y2^i,iBnW:{x,T)){ sup exp/„or-"(x) -logM.(Bnl^/(x,r))) 

g^px<^Br\W;(x,T) 

(supp(^2;) C W^{x,T) for /i-a.e. x e X) 



>Ht.A\J T'Uu) + fno T-'^dfi,. 



1=1 

Then 



Ofc = / F{x)dfi= / lim sup F„ (x)(i/^ > limsup / P„(x)(i/i 

J X J X n— > + oo n— S- + 00 J X 

> limsup / -{H^^{\l T'Uk)+ I fnoT-''d^L,)dn{x) 

= limsup ( / -H^^iy rUk)dfi{x) + - f //„ o T-^diiM^)) 
n^+oo Jx n n JxJ 

= limsup ( / -H^^iy T'Uk)dpi{x) + - f /„oT-"dM(x) 

n^+oo Jx n " Jx 

= limsup I -Hf,^{\/ T'Uk)dn{x) + [ fd^i{x) {since fi € M{X,T)) 

1 " r 

= limsup -H^{\/ T'Uk I P") + / fd^i{x) (by Lemma 2.6(a)) 

Ti->+oo n Jx 
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= limsup -H^{ V T-'Uk I T-'-V-) + / fd^Ji{x) 

>H^{Pk\V-)-^ + I fd^i(x) (by the inequality (3)). 
Since Ps{T, f, x, e) > F{x) for each x G X, then 

P,(r,/,a;,e)> lim [H^{Pk \V-) - \ + ( fdii{x)) 

= h^{T)+ I fd^l{x)=P^{TJ) 



JX 

for /i-a.c. X £ X . □ 

We introduce the e-pressure point and pressure point for a TDS. Let {X^T) 
be a TDS, / £ C(X, R). For e > 0, we call x & X an e-pressure point for T 
if Ps(T, f, X, e) — P{T,f)] and pressure point if lim Ps(T, /, e) = P{T,f). The 

e— >o 

function Ps(T, f,x,e) is decreasing in e. It follows that every pressure point is 
also an e-pressure point for each e > 0. Note that while the notion of e-pressure 
point depends on the choice of the metric, that of pressure point does not. Denote 
by ^(TJ) the set of all pressure point of (X,r) for / e C{X,R). For / = 0, 
the e-pressure point and pressure point are the e-entropy point and entropy point, 
respectively, which are introduced in [1]. Moreover, ^(T, 0) = £{T), where £ is the 
set of all entropy points of {X, T). 

Remark 1. Let {X,T) be a TDS, / £ C(X,M). If there exists n e M^{X,T) such 
that P(T, f) = P^T, /), then ^(T, /) ^ 0. 

4. Stable sets. The main results of this section is Theorem 4.2 and Theorem 4.4. 
Recall that for a TDS {X, T) and .t e X, 

W'{x, T)^{yeX: lim d(r"a;, r"y) = 0} and 

n— >+oo 

Wix, T)^{yeX: lim diT'^'x, T""?;) = 0} 

Wlx, T) is called the stable set of x for T. and M^"(a;, T) is called the unstable set 
oix for T. Obviously, W'{x,T) = l^"(x,T-i) and W{x,T) = W'{x,T-^). To 
show Theorem 4.2, we need the following lemma. 

Lemma 4.1. Let G : X ^ ^{^) be a set-valued measurable map, where K,{X) is 
the family of all closed subset of X endowed with the H aus dor ff metric, f G C(X, K) 
and U G C\. Then 

F -.x^ inf { ^ sup f{y) : V G Cx andV ^U} 

is a Borel measurable map. 
Proof. By Lemma 2.1, we have 

inf{ sup f{y) : V G Cjf and V ^ = min ^ sup f{y) : V G r*{U)}. 

It is sufficient to prove that for each V G V*{U), the function H : x ^ sup f{y) 

v&vr\G{x) 

is measurable . 
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Since G : X — s- IC{X) is a set-valued measurable map, by the well-known Castaing 
representation theorem, there exists a countable family {ct„ : n £ N} of measurable 
selections of G such that G{x) ~ {<T„(a;) : n G N} for each x G X. Then G admits 
a subsequence {(t„- : i G N} such that V fl G{x) = {cr„;(a;) : i G N}. It follows 
that H{x) — sup„>2^ f{(Jn{x)) is a Borel measurable function. Then is a Borel 
measurable map. □ 

Theorem 4.2. Let {X,T) be a TDS, f e C{X,R) and fi e M"{X,T) with h^,{T) > 
0. Then for fi-a.e. x £ X , 

(a) , there exists a closed subset A(x) C W''^{x,T) such that 

lim diam{T"-A{x)) = and P{T-\f,A{x)) > Pu{TJ)] 

(b) . there exists a closed subset B[x) C W'^{x,T) such that 

lim diamiT-'^Bix)) = and P{T, /, B{x)) > PJT, /). 

n— >-+oo 

Proof. Since /i G M''iX,T), Pf,{T-\ f) = and Wix^p-'^) = W'"(a;,T), 

(a) implies (b). It remains to prove (a). 

By Lemma 3.4, there exist C Vx and = fci < A:2 < ■ • • satisfying that 

(a) . diam(W^i) < 6 and lim diam(Wi) = 0, 

(b) . lim H^{P^ \ r-)^ h^{T), where Pk = Vti ^-^'W^, and V = Vr=i Pk. 

fc— >-+oo 

Let = V^=i T-J(Pi V Pa V ■ • • P,) for i G N. Then Q^ eVx, Qi < Q2 < ■ ■ ■ and 

yz.Q^^-p-- 

For a; G X, let A{x) = fl^^i Then A{x) is a closed set and A{x) 3 T'-Cx). 

The set A{x) also satisfies that hm diam(T"A(x)) = and A{x) C W^{x, T) (see 

n— > + oo 

the proof of Theorem 4.2 [8] for details). 

Moreover, the set- valued map A : x — >■ A{x) is measurable. In fact, for each open 
set U of X, 

{x : fl Qdx) C [/} = y fl f|{A eQu-.ACU] 

n=l ri>l fe>n 

is a Borel set of X. Then for each closed set V of X, {x : Qi{x) C X\V} is a Borel 
set. It follows that {x : Qi{x)r\V ^ 0} is Borel and then A : x ^ A{x) is set- valued 
measurable. 

Let fjL = J-^ HxdfJ.{x) be the disintegration of fi over 'P". Then 

supp(/i2;) C V'{x) C A{x) for fi-a.c. x & X. (4) 

We now prove that for ^-a.e. x e X, P{T-'^ , f, A{x)) > P,,{TJ). Since 
lim H^{Pk I V^) = h^{T), it is sufficient to prove that for each fc G N, 

P{T-\ /, ^(x)) > H^{Pk \ r-)-\+jx fdfi{x) for M-a.e. xeX. 
For a given fc G N, there exists Uk G such that 

1 ""^ 1 
limsup -H^{ y T-'Uk I T-''V-) > H^,{Pk \ - - for each n G N (5) 



TOPOLOGICAL PRESSURES FOR e-STABLE AND STABLE SETS 



13 



(see [8] for details). 

Let F„{x) = ilogP„(r-i,/,Wfc,A(x)), where 

Pn{T-\fM,A{x))^M{Y, sup exp/„or(""i)(y) : 

n-1 

V eCx a.ndVh V T'Uk}- 

By the above Lemma 4.1, Fn is a Borel measurable function. Let Fn(x) = 
lim sup (x) for each x d X. Then F is also a Borel measurable function on 

X. 

For each V h Vi=o T'Uk, T'^V h YiZo T'Uk- Since T{A{x)) C A{T{x)) (see 
the proof of Theorem 4.2 [8]), for each V E V, 

n— 1 n— 1 

sup 5^/(T-'y)< sup 5]/(r-*y) 

= sup ^/(T-'2/)< sup ^/(T-'y), 

yeVnA(Ta:) -^^ yeVnA{Tx} -^p 

then it is not hard to see that 

Pn{T-\fM,A{x)) <Pn+iiT-\fM,A{Tx)). 

It follows that 

F{x) = lim sup - log P„ {T-\ f, Uk, A{x)) 

< limsup^^ • ^— logP„(T-\/,Wfc, A(rx)) 
„_i.+oo 11 n + I 

= F{Tx). 

That is F{x) < FlTx) for each x E X. Since e M{X,T), /^(/(Tx) - 
f{x))dfj.{x) = 0, then F{Tx) = F{x) for /i-a.e. a; £ X. From the ergodicity of 
fi^ there exists a constant Ofc > such that F{x) = for fj,-a.e. x G X. 

By Lemma 2.1, there exists a partition /3 e P* i\/i^o T^^j.) such that for /x-a.e. 

X & X, 

log Pn{T-\f,Uk,A{x)) 

n-l 

= log sup exp ^ (y) 

n-l 

>^//^(B)( sup exp^/"'(?/) -log7ix(S)) 

(by (4) and Lemma 3.3 ) 

n-l 

= ^M.(/3) + E cxp^/-*(y)./.,(i?) 

n — 1 „ 
> ^M. ( V + / /« ° 
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Then 



X 

limsupF„(x)(i/i(x) > linisup / Fn{x)dfi{x) 

X n— f+oo n— )- + oo Jx 



n — 1 

>linisupi / {H^^{\lrUk) + I /„or-("-i)d^,)rfAi(a;) 

n-J-+cx3 n Jx .^g Jx 

n — 1 

= linisupi(/ H^^iy nik)dfiix) + [ /„oT-("-i)dAi(x)) 

n— 1 

= limsup - / V TVIk)dnix) + [ .fd^{x) (since G 7W(X,T)) 

„_i.+oo n Jx .^g Jx 

1 ""^ /■ 
= linisup W I 7^") + / (by Lemma 2.6 (a)) 

n— >+oo n Jx 



i=Q 
ri-1 



1 f 

= limsup -i/^( V T'Uk I r-^"-!)^'-) + / fdfx{x) 

n^+oo n .^^ Jx 

>H^{Pk\V-)-^ + I fdfiix) (by (5)). 



Therefore, for /i-a.e. a; e X, 

PiT-\f,A{x))>P(T-\f,Uk,A{x))^F{x)>H^{Pk\p-)-^ + |^fd^^ix) 

for each fc G N. 
Then 

P{T-\f,A{x))> hm (i/^(Pfe I T'-) - + / /dAi(x) 

n->+oo Jj^ 

= i7^(T)+ / fdnix) ^ P^iTJ). 
Jx 

We complete the proof of Theorem 4.2. □ 
A direct consequence of Theorem 4.2 is the following. 

Corollary 1. Let {X,T) be a TDS, f G C{X,R). If there exists ^ G X'=(X,T) 
with P^{T, f) = P{T, f), then there exists x ^ X , a closed subset A{x) C W'^{x, T) 
and a closed subset B{x) C VF"(a;,r) such that 
(a), lim diam{T''A{x)) = and P{T-\f,A{x)) = P{T,f); 

n— > + oo 

('fej. lim diam{T-"B{x)) = and P(T, /, B(a;)) = F(r, /). 



A TDS (A", T) is transitive if for each pair of non-empty open subsets U and 
V oi X, there exists n > such that t/ n T~^V ^ 0; and it is weakly mixing, if 
{X X X,T X T) is transitive. These notions describe the global properties of the 
whole TDS. Blanchard et al. [3] give a new criterion to picture 'a certain amount 
of weakly mixing' in some consistent sense. The notion of the weakly mixing set 
was introduced as follows. 

If X, Y are topological spaces, denote by C{X, Y) the set of all continuous maps 
from X to Y. 
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Definition 4.3. Let {X, T) be a TDS and A^2^ . The set A is said to be weakly 
mixing for T if there exists B G A satisfying 

(a) . B is the union of countably many Cantor sets; 

(b) . the closure of B equals A] 

(c) . for any C & B and g € C{C,A) there exists an increasing sequence of natural 

numbers {rii] C N such that limi^+oo r"'x = g{x) for any x € C. 

Denote by WMs{X, T) the family of weakly mixing subsets of (X, T). The system 
{X, T) itself is called partially mixing if when it contains a weakly mixing set. The 
whole space X is a weakly mixing set if and only if TDS {X, T) is weakly mixing 
[4]. The following result (See Prop. 4.2 [3]) give an equivalent characterization of 
the weakly mixing set in another way. 

Proposition 1. Let {X,T) be a TDS and A be a non-singleton closed subset of X . 
Then A is a weakly mixing subset of X if and only if for any fc G N, any choice of 
non-empty open subsets Vi, • • • ,14- of A and non-empty open subsets Ui, - ■ ■ ,Uk of 
X with AnU^^9, i = l,2,--- ,k, there exists m G N such that T^Vj n ^ for 
each 1 < i < k. 

Now we prove the following theorem. The first part (a) of Theorem 4.4 was 
already proved in [8]. For completeness, we state it in the theorem. 

Theorem 4.4. Let {X,T) be a TDS and /x G M''{X,T) with hf,{T) > 0. Then for 
fi-a.e. X G X, there exists a closed subset E{x) C W''{x,T) n W'^{x,T) such that 

(a) . E{x) G WMs{X,T)nWMs{X,T-^), i.e., E{x) is weakly mixing forT, T-\ 

(b) . P{TJ,E{x)) > P^{T,f) andP{T-\f,E{x)) > P^{TJ). 

Proof. Let be the completion oi Bx under /i. Then {X, B^, ii,T) is a Lebesgue 
system. Let Pi_i{T) be the Pinsker cr-algcbra of {X, Bfj^, ^,T). Let fi = j^pL^dpL^x) 
be the disintegration pL over Pi^i_{T). Then for /i-a.e. x G X, supp(yLta;) C W''{x^T) n 
WHxX) and s\xpj,{pLx) G WMs{X,T) n W Ms{X,T-^){See Theorem 4.6 in [8] for 
details). 

We now prove that for ^-a.e. x^X, P{T, /, s\ypT>{lJ^x)) > P^iT, f) and P{T-^J, 
supp(M,)) > P^(T,/). By the symmetry of T and T-\ P^^TJ) = P^{T-\f). It 
remains to prove that for /i-a.e. x € X, P{T, f,supp{^x)) > Pii{T,f). Since P^[T) 
is T-invariant, T^Lx = htx for /i-a.e. x G X, therefore, there exists a T-invariant 
measurable set Xq C X with ^{Xo) = 1 and Tfix = f^Tx for x G X^. 

For each U eC°x,x e Xq and n G N. By Lemma 2.1, there exists a /3 G V*{Uq^^) 
such that 

logP„(T, /,^,supp(ju^)) 

= log inf { sup exp /„ (x) : V G Cx and V hKo'^} 

V£v y6"^'nsupp(/i^) 

= logX! exp/„(a;) 

se/3 ■yesnsupp(Mx) 

> X! ^^(-^)( /"(^) ~ log/^x(-B)) (by Lemma 3.3) 

B(zj3 yeBnsupp{n^} 

= (/?) + ^ /i, (B) ■ sup /„ (x) 
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>H^^,.(US-^) + J^fndfl, (6) 



Fix U eC°x and n E N, denote Fn{x) = H^^{ V T-'U) + fndfi^ for eaeh 
X e Xq. Then 



Jx 

i=0 



n+m— 1 

n — 1 m — 1 » „ 

n n 



i^O z^O 

771—1 



< F„(x) + Ht^^A V ^"'") + / ° ^^"^M. 

?7l — 1 „ 

z=o ■'X 

m—l „ 



i=0 

F„(x)+F™(r"a;) 



That is, {F„} is subadditive. Since the map x ^^(A) for each A & Bis measurable 
on Xq, it follows that F„(x) is measurable on Xq. By Kingman sub-additive ergodic 
theorem, lim —Fn{x) = ay for ^-a.e. x E X , where an is a constant. Then by (6), 

P[T, f,U, supp{^x)) > au for each U E Cx and ^-a.e. x E X. Therefore 



au= I lim -Fn{x)dfi 



~ lim — / Fn{x)d^ (by Kingman sub-additive ergodic theorem) 

n^oa n J X 



lim - f {H^AK'')+ I fndfi.)dfi{x) 
hm -H^iU;,'-' I P^(T)) + / fd^i 

h^{TM I P,.(T))+ / fdii 
Jx 



^P^TJM) (by Lemma 2.5). 

It follows that P{T, /, W, supp(Ai:r)) > -Pm(^' /' ^) each W G and /i-a.c. x G X. 
Choose a sequence of open cover {Um}m=i with limdiam{Z//m} = 0. Then 



X 



lim P^TJM = lim {h^{T,Urr,)+ [ 

= K{T)+ f fdti^P^iTJ) 
Jx 



IX 

Since for each m G N and /i-a.c. a; G X, P{T, f,U„i,supp{fi.j;)) > Ptj.{T, f,Um), we 
have 

-Pi?", /,supp(//3;)) = sup P(T, /,^/„,, supp(/i2:)) > sup P^{T,f,Um) = PfiiT, f) 

iTieN m>l 
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for each //-a.e. x £ X. □ 
It is not hard to see that the fohowing corollary holds. 

Corollary 2. Let {X,T) be a TDS and f e C{X,R). Then 
(a), sup^g;, P(r, /, W^{x,T) n W^{x,T)) = P{T, /); 

(h). If there exists /i £ M^i^X, T) with P^{T, f) = P{T, f), then for ^i-a.e. x^X, 
there exists a closed subsets E(x) C W''{x,T) Cl Vl^"(a;,T) such that 

(a) E{x) G WMs{X,T)r\WMXx,T-^) and 

(b) P{T, /, E{x)) = P{T-\ /, E{x)) = P{T, /). 



5. Non-invertible case. In this section, we will generalize the results in Sects. 
3 and 4 to the non-invertible case. Let {X,T) be a non-invertible TDS, i.e., X is 
a compact metric space, and T : X ^ X is a, surjective continuous map but not 
one-to-one. 

Let d be the metric on X and define X = {(xi, X2, • ■ • ) : T(xi_|_i) = Xi,Xi G 
X,i Q N}. It is clear that X is a subspace of the product space Il'^^X with the 
metric dr defined by 



dT{{xi,x2,---),{yiiy2,---)) = X! 



d{xi,yi) 



Let T : X X he the shift homeomorphism, i.e., T(xi,X2,---) = 

{T{xi),xi,X2,- ■ ■)■ We refer the TDS {X,f) as the inverse limit of (X,T).^Let 
TTi : X X he the natural projection onto the i"^ coordinate. Then tt^ : {X ,T) 
{X, T) is a factor map. 

We need the following lemmas. 

Lemma 5.1. Let {X,T) be a non-invertible TDS, f E C(X, N). Then for each 
lA G Cx o,nd each compact subset K of X , 

Pn+m{T, /, U, K) < P^{T, f,U, K) ■ Pn{T, / o T", T-"W, K) 

for each n, m G N. 

Proof Since for each Vi >r V2 >= U^~\ then Vi V T-"V2 h ^0+"""^ It 
follows that 

Pn+r,iiT,f,U,K)< y2 sup exp/„+,„(a;) 

= E E ™P exp(/™(x)+/„(T'"x)) 

< E E cxp/„(x)- sup exp/„(r'"x) 

= E ^'^P c^P/m(2^)' E ™P exp(/ o r'")„(x). 

By the arbitrary of Vi and V2, we have 

P„+™ (T, /, U,K)< P,n (T, f,U,K)-Pn (T, / o T™, T-'"Z^, ) . 

□ 
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Lemma 5.2. Let {X,T) be a non-invertible TDS, f e C(X, N). Then for each 
hi G Cx o,nd each compact subset K of X , 

Pn{T, / o T", T-"'U, T-"'K) = Pn{T, f, U, K) for each n, m e N. 

Proof. Fix n, m e N. For each V ^ (r-™W)S"\ 

V sup exp(/oT'")„(a;) 

= V sup exp/„(T'"x) 

= ^ sup exp/„(a;). 



Since T^V ^ Z^g "\ then 

P„(T, / o T™, T-"'U, T-"'K) < P„{T, /, U, K). 
Conversely, for each V > U^^^ , T~"'V h (r-'"Z^)^"^ and 

sup exp/„(x) 



= V sup exp/„(T"x) 
vev^sT— (VnK) 



Then 



P„(T, / o T™, T-™Z^, T-"AO > F„(r, fM, K), 
and we complete the proof. □ 

Lemma 5.3. Let {X,T) be the inverse limit of a non-invertible TDS {X,T), f G 
C{X,M.) and ni : X X be the projection to the 1^^ coordinate. Then for any 
sequence non-empty closed subsets Kn of X, 

lim lim sup - log F„ (T, f o 111,6, Kn) ^ lim lim sup - log P„ (T, /, d, tti {K,, ) ) . 

Proof Let U e C$.. For each V (E Cx with V h and x e V C^ TTi{Kn), 

obviously,7rj:iV h {tt'^UYo"^ aud 

n—1 n—1 

if o n^Ux) - ^(/ o ^i)(T^(.?)) = 5] / o r^"(^i2?) = /„(7riJ) = /„(x), 

where a; = ttix. Then 

sup exp(/ o 7ri)„(x) = ^ sup exp/„(a;). 

It follows that 

P„(f,/o^i,^-iW,if„) < PniT,f,U,7ri{Kn)). (7) 
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On the other hand, for each V G with V h (tt^ ^iY)o"^ and x e V D Kn, 
TTiVh Uq-^ and 

sup exp(/ o 7ri)„(x) = ^ sup exp/„(a;) 

= ^ sup exp/„(a;), 

where x = ttix. Then we get the opposite part of the inequahty of (7), and conse- 
quently 

Pn{fj on^,TT-^U,K^) = PniTJMMKu))- (8) 

Now we have 

Urn sup - log P„(T, / o TTi , TTj^^W, Kn) = liui sup - log P„ (T, /, U, TTi (i4r„)). 
From Lemma 3.1, we get 
limlimsup-logP„(T, /o7ri,5, /Tn) > lim lim sup - log P„(T, /, (5, 7ri(^r„)). 

i5-i.O n^oo n 5->0 n-s-oo U 

Conversely, let tt^ : X — ^ X be the projection to the i*^ coordinate and U E C°~. 
By the definition of X, it is easy to see that there exists some U G C\ such that 
7r~^(W) > U. Since for any two closed subsets C and D of X, Pn{T,f,U,C) < 
Pn{T,f,U,D), and n^{Kn) h T-'-'-^^TTi{Kn), then by (8), we have 

lim sup - log P„ (T, / o TTi , , Kn ) 

n— J-oo 

< lim sup - l0gP„(T, / O TTi, TT^^^Z^, Kn) 

n— >-oo ^ 

= lim sup - log Pn (T, /, U, TTj (Kn)) 

< lim sup - logP„(T, f,U, T-^'-'K,iKn)) 

n— >-oo 

= lim sup ^ logP„+,_i(T, f,U,T-^'-'^n,iKn)) 

< lim sup — i— - log (P._i(r, p-('-iV,(if„)) 

• P„(r, / o T-\T-^'-^^U, T-^'-^K,{Kn))) (by Lemma 5.1) 
= limsup — P„(r, f,U,TTi{Kn)) (by Lemma 5.2) 

< lim limsupip„(r, /, 5, Tri{Kn)). 
By Lemma 3.1, we get 

lim lim sup - log P„(T, f otti,S, Kn) < lim lim sup - log P„(T, f,S, 7ri(A'„)). 

(5^0 n^oo n <5^0 „_i.oo n 

□ 

Now we can prove the following theorem. 
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Theorem 5.4. Let{X,T) be a non-inverUble TDS, f e C{X,R) and e M''{X,T) 
with hf,{T) > 0. Then for (i-a.e. x£X, linie^o Ps{T, /, x, e) > P^(T, /). 

Proof. Let {X, T) be the inverse limit of {X, T). For e > 0, n G N and x G X,denote 
Kn ~ T^'^Wl{x,T). Then from the definition of dr and X, it is easy to see that 
TTi{Kn) ^ r~"Wg''(2:, T), where x = 7ri(x). By Lemma 5.3, we have 

P« (T, /, X, e) = hm hm sup - log P„ (T, /, 5, T~''W: (x, T)) 

o->-0 n^+oo n 

> lim lim sup log P„ (T, /, S, tti (A'„)) 

<5->0 ,i_j.+oo 

= lim lim sup log P„ (T, / o tti , 5, i4r„) 

=Ps{T,foTTl,X,^). 

It follows that for eaeli x G X, 

lim F,(r,/,7ri(5;),e) > lim P,(f, / o ^i, 5,1 ). (9) 

Let Jl £ A^'^(X,T) with 7ri(pt) = ^. Then by Theorem 3.6, there exists a Borel 
subset Xq C X with /x(Xo) = 1 such that for any x € Xq, 

lim Ps{fj OTTi,X,^) > Pi2{fj OTTl) = hi2{f) + / foTTidJl 

(10) 

>h^iT)+ / fd^Ji = p^(TJ). 

Jx 

Let Xo = 7ri(Xo). Then Xo G S,, and /-i(Xo) = 1. By the inequality (9) and (10), 
we have 

lim Ps (T, f,x,e)>Pf, (T, /) for each x £ Xq, 

and we complete the proof. □ 

Theorem 5.4 immediately lead to the following corollary. 

Corollary 3. Let {X,T) be a non-invertible TDS and f G C{X,M.). If there exists 
a fie M''{X,T) such that P^,{T, f) = P(T,/), thenV{TJ) ^ 0. 

Lemma 5.5. Let {X,T) be the inverse limit of a non-invertible TDS {X,T). If 
A C_ E is weak mixing, so is t^i{A) and P{T, f o tti, A) = P(T, f, 7ri(A)). 

Proof. The fact that T^iiA) is weak mixing follows from Lemma 4.8 in [3]. The 
latter follows from Lemma 5.3 and Lemma 3.1. □ 

The following theorem shows that Theorem 4.4 also holds for non-invertible TDS. 

Theorem 5.6. Let {X,T) be a non-invertible TDS and G M''{X,T) with 
hfj_{T) > 0. Then for fi-a.e. x G X, there exists a closed subset E{x) C W^{x,T) 
such that P{T,f,E{x)) > Pf^iTJ) and E{x) G WMs{X,T). 

Proof. Let {X,f) be the inverse hmit of (X,T). Then there exists fi G M^{X,f ) 
with 7ri(/i) = ^, where tti is the projection to the l"^ coordinate. Obviously, 

P~^{fjo7ri) = hj:{f)+f fo7r,dJl>h^iT)+ f fdfi = P{TJ). 

Jx Jx 
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By Theorem 4.6, there exists a Borel set Xq C X with iJ.{Xo) = 1 such that for 
each X S Xq, there exists a closed subset E{x) C W^CxjT) such that 

P(f , / o ^1, > P^{f, / o ^i) and G WMs{X, f). 

Let (Xo) = 7ri(Xo). Then G and /^(Xo) = 1. For each x £ let 

= TTi{E{x)), where x = 7ri(5). Then E{x) C 7ri(ty''(5, f )) C W^ix/T). By 
Lemma 5.5, we have 

P{TJ,E{x))=P{f,fo^E{x))>Pj,{f,fo'Ki)>P^{TJ) 

and £;(a;) G WM,,{X,T). □ 

The following result is immediate. 

Corollary 4. Let {X, T) he a non-invertible TDS. Then 

(a) , sup^^x PiT, f,W^ix,T)) = P{T, /); 

(b) . If there exists fi G M^iX, T) with P^{T, /) = P{T, f), then for n-a.e. xeX, 

there exists a closed subsets E{x) C W^{x,T) such that E{x) G W Ms{X,T) 
and P{T,f,E{x))^P{T,f). 

Remark 2. In fact, from the proof of Theorem 4.4, we know E{x) = supp{^x), 
where fix is a probability measure determined by the disintegration of G M'^{X, T) 
over the Pinsker cr-algebra P^{T). 
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